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Abstract. All Lorentzian spacetimes with vanishing invariants constructed from 
the Riemann tensor and its covariant derivatives are determined. A subclass of 
the Kundt spacetimes results and we display the corresponding metrics in local 
coordinates. Some potential applications of these spacetimes are discussed. 
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1. Introduction 

A curvature invariant of order n is a scalar obtained by contraction from a polynomial 
in the Riemann tensor and its covariant derivatives up to the order n. In general there 
are 14 algebraically independent curvature invariants of zeroth order, the simplest 
being the Ricci scalar. Many papers are devoted to studying the properties of 
the zeroth order curvature invariants (see - and references therein) but higher 
order curvature invariants remain largely unexplored. Recently it was shown that 
for spacetimes in which the Ricci tensor does not possess a null eigenvector, an 
appropriately chosen set of zeroth order curvature invariants contains all of the 
information that is present in the Riemann tensor ||^. This is certainly not true for 
vacuum Petrov type N spacetimes with nonzero expansion or twist, all of whose zeroth 
and first order curvature invariants vanish, but for which there are non-vanishing 
curvature invariants of the second order |^; and for some non-flat spacetimes in which 
all curvature invariants of all orders vanish 

In this paper we shall determine all Lorentzian spacetimes for which all curvature 
invariants of all orders are zero. Indeed, we shall prove the following: 

Theorem 1 All curvature invariants of all orders vanish if and only if the following 
two conditions are satisfied: 

(A) The spacetime possesses a non-diverging SFR (shear-free, geodesic null 
congruence). 

(B) Relative to the above null congruence, all curvature scalars with non-negative 
boost-weight vanish. 
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The analytic form of the condition (A) , expressed relative to any spin basis where o"* 
is ahgned with the null congruence in question, is simply 

K = P = (T = , (1) 

and the analytic form of condition (B) is 

*o - *i = *2 - , (2) 

$00 = $01 = $02 = $11 = , (3) 

A = . (4) 

Spacetime s that satisfy condition (A) belong to Kundt's class |^ (also, see 
Section ^ and Appendix A|). Condition (B) implies that the spacetime is of Petrov 
type III, N, or (see Eq. {^) with the Ricci tensor restricted by (||) and (@). (Note: 
throughout this paper we follow the notation of |[lo|; A is not the cosmological constant, 
it is the Ricci scalar up to a constant factor.) 

The GHP formaHsm assigns an integer, called the boost weight, to curvature 
scalars and certain connection coefficients and operators. This is important for this 
work, and we shall summarize some of the key details of this notion in the next section. 

The outline for the rest of the paper is as follows. Section || is devoted to 
the proof that the above conditions are sufficient for vanishing of curvature invariants. 
The "necessary" part of Theorem 1 is proved in Section ||. The curvature invariants 
constructed in this section may be also useful for computer-aided classification of 
spacetimes. Kundt's class of spacetimes admits a conveniently specialized system of 
coordinates, and so it is possible to classify and explicitly describe all spacetimes with 
vanishing curvature invaria nts. This is b riefly summarized in Section ^, and some of 



the details are presented in [Appendix A| . We conclude with a discussion. 

Perhaps the best known class of spacetimes with vanishing curvature invariants 
are the pp-waves (or plane-fronted gravitational waves with parallel rays), which 
are characterized as Ricci-flat (vacuum) type N spacetimes that admit a covariantly 
constant null vector fleld. The vanishing of curvature invariants in pp-wave spacetimes 
has been known for a long time |0, and the spacetimes obtained here can perhaps 
be regarded as extensions and generaHzations of these important spacetimes. In 
many applications (e.g., in vacuum pp-wave spacetimes) the resulting exact solutions 
have a five-dimensional isometry group acting on three-dimensional null orbits (which 
includes translations in the transverse direction along the wave front) and hence 
the solutions are plane waves. However, the solutions studied here need not be 
plane waves, and are not necessarily vacuum solutions. In particular, non-vacuum 
spacetimes with a covariantly constant null vector are often referred to as generalized 
pp-wave and typically have no further symmetries (the arbitrary function in the metric 
is not subject to a further differential equation, namely Laplace's equation, when 
the Ricci tensor has the form of null radiation) . The pp-wave spacetimes have a number 
of remarkable symmetry properties and have been the subject of much research |^. 
For example, the existence of a homothety in spacetimes with plane wave symmetry 
and the scaling properties of generally covariant field equations has been used to show 
that all generally covariant scalars are constant jl^ and that metrics with plane wave 
symmetry trivially satisfy every system of generally covariant vacuum field equations 
except the Einstein equations . 

In addition to pp-waves, presently there are known to be three classes of metrics 
with vanishing curvature invariants: the conformally fiat pure radiation spacetime 
given in M; the vacuum Petrov type-N nonexpanding and nontwisting spacetimes 
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(this class contains the pp-waves); and vacuum Petrov type-Ill nonexpanding and 
nontwisting spacetimes 10 . Naturally all of these spacetimes are subcases of the class 
studied here. The spacetimes studied in |l^ also belong to our class. 

There are two important applications of the class of spacetimes obtained in this 
paper. A knowledge of all Lorentzian spacetimes for which all of the curvature 
invariants constructed from the Riemann tensor and its covariant derivatives are 
zero, which impHes that all covariant two-tensors constructed thus are zero except 
for the Ricci tensor, will be of potential relevance in the equivalence problem and 
the classification of spacetimes, and may be a useful first step toward addressing 
the important question of when a spacetime can be uniquely characterized by its 
curvature invariants. More importantly perhaps, the spacetimes obtained in this paper 
are also of physical interest. For example, pp-wave spacetimes are exact solutions in 
string theory (to all perturbative orders in the string tension) |l^ and they are of 
importance in quantum gravity jl^. It is likely that all of the spacetimes for which 
all of the curvature invariants vanish will have similar applications and it would be 
worthwhile investigating these metrics further. 

Finally, we note that it is possible to generaHze Theorem by including spacetimes 
with non- vanishing cosmological constant. The assumptions regarding the Weyl and 
traceless Ricci tensors remain the same. Even in this general case, the invariants 
constructed from the Weyl tensor, the traceless Ricci tensor and their arbitrary 
covariant derivatives vanish. The only non-vanishing curvature invariants are order 
zero curvature invariants constructed as various polynomials of the cosmological 
constant. It must be noted, however, that there may exist other types of spacetimes 
with constant curvature invariants. 



2. Sufficiency of the conditions 

Before tackling the proof of the main theorem, we make some necessary definitions 
and establish a number of auxiliary results. We shall make use of the Newmann- 
Penrose (NP) and the compacted (GHP) formalisms Throughout we work with 
a normalized spin basis o'*, t"^, i.e. 

OaL^ = 1 . 

The corresponding null tetrad is given by 



with the only nonzero scalar products 

laU" = — TOqTO" = 1. 

We also recall that 

OaO^ = = LaL^ . (5) 
The spinorial form of the Riemann tensor Rap-yS is 

HaPjS * ^ABCn ^Aii^CD ~)" -^ABCO ^ AbS-CD + ^ ABCD Sab^CD + ^ ABCD Sab^CO 1 (6) 

where 

-^ABCn = ^ABCO + ^{SaC^BD + ^AD^Bc) 

and A = i?/24, with R the scalar curvature. The Weyl spinor "^/abco = "^(abco) is 
related to the Weyl tensor Cap-yS by 

C'aPjS ■* ^ ^ ABCn ^abScd ~\~ ^ Abcd Sab^cd ■ (7) 
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Projections of '^abcd onto the basis spinors o"*, i'^ give five complex scalar quantities 
^-o, *i, *2, *3, *4- The Ricci spinor $^BCD = *(ab)(cd) = '^abcd is connected to 
the traceless Ricci tensor Sap — Ra/s — jRgap 

^abAb < — > ~iSab . (8) 

The projections of ^abAis onto the basis spinors o^*, are denoted $00 — ^00, 
*oi = ^i0j_p02 = $20, *ii = $11, $12 = $21, and $22 = ^'22. 
Eqs. (g) and (^) imply 

'^abcd = '^^OaObOcOd - 4:^3O(a0b0cI'D) , (9) 

^ABCD = ^■220aObOcOo ~ 2^l2L(AOB)dcOD ~ 2^2lOAOBt[c06) ■ (10) 

Following the convention established in ||lo), we say that 77 is a weighted quantity (a 
scalar, a spinor, a tensor, or an operator) of type {p, q} if for every non-vanishing 
scalar field A a transformation of the form 

representing a boost in l°'-n°' plane and a spatial rotation in m^-fh" plane, transforms 
Tj according to 

The boost weight, b, of a weighted quantity is defined by 

b=l{p + q) ■ 

Directional derivatives are defined by 

D = rV„ = O-^O-^V^ , 6 = TO"Va = o^t-*V^ , 

D' = ?i"V„ = l^l^Vaa , S' = m"Va l^o^Vaa 

and thus 

VCK tiaA a— a j-^ I A —A T^f A —A e A— A Tf (t t\ 

< > V =LLjJ + OOL)— LOd— OLO . (11) 

In the GHP formahsm new derivative operators J), J)', 8, 9', which are additive and 
obey the Leibniz rule, are introduced. They act on a scalar, spinor, or tensor 77 of type 
{p, q} as follows: 

bV = (D +pj' + q7')v , iirj = {5 - pI3 + qj3')-q , ^^^^ 
\) rj = {D' - P7 - 97)77 , 9' 7? = ((5' + p[i' - qP)-q . 
Let us expHcitly write down how the operators J), J)', 9, 9' act on the basis spinors 









= -hl^ , 




= -fV , 






-TL^ , 






\,' = -k'o-^ , 


t)' r-* = -s'o^ , 




9o^ = 




9o^ 


= -pr-* , 


Si'" =-/3V, 


Si-* = -o-'o-* , 


(13) 


9'o^ = 


-pi-" , 


8'o-* 




9' = -a'o^ , 


-/i -/ -A 
L = —p . 





The types and boost-weights of various weighted quantities encountered in the GHP 
formalism are summarized in Table 1. 

Henceforth we shall assume that conditions (A) and (B) of Theorem |^ hold, and 
by implication that equations (0), (^, (|^), hold also. Without loss of generality 
we also assume that o"" and i"" are parallely propagated along P. Analytically, this 
condition takes the form of the following two additional relations: 

y = , r' = . (14) 
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Table 1. Boost weights of weighted quantities 



Assumptions (A), (B) and conditions greatly simplify the form of the spin- 

coefficient equations, the Bianchi and the commutators identities Most of these 
relations assume the form = 0. Some of the non-trivial relations are as follows: 







= , 


(15) 






= , 


(16) 


1>P' 




= , 


(17) 


]) K 




= fp' + Tcr' — 5*3 - <i>21 , 


(18) 


t'$21 




= , 


(19) 


13*3 




= , 


(20) 


t>$22 




= 8$2i + (8-2t)*3 , 


(21) 


l)*4 




= 8'*3 + (8'-2f)$2i , 


(22) 






= f 8 +T 8' , 


(23) 


1)8- 


5\> 


= . 


(24) 



Extending an idea introduced in we make the following key definition. 

Definition 2 We shall say that a weighted scalar rj with the boost-weight b is balanced 
*/ 

13"'' ?7 = for b<0 
and rj ~ for b > . 

We can now prove the following. 

Lemma 3 If rj is a balanced scalar then fj is also balanced. 

Proof. By definition, a weighted scalar rj of type {p, q} is changed by complex 
conjugation to a weighted scalar fj of type {q,p}. The boost weight, however, remains 
unchanged. Let us also recall that 

and hence that 

as desired. □ 
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Lemma 4 // 77 is a balanced scalar then 

TT], p'77, a'r], k'i], (25) 
Ipr], 877, 5' 77, Ip'ri (26) 

are all balanced as well. 

Proof. Let b be the boost-weight of a balanced scalar rj. From Table |^ we see that 
the scalars Hsted in ( p5|) have boost-weights 6, 6 — 1, 6 — 1, & — 2, respectively. Hence, 
it suffices to show that the following quantities are all zero: 

y'irr,), l>'-\p'v), l^'-'ia'v), 
This follows from the Leibniz rule and from equations ([l5| ) , ( |l7|) , (^6|) , ([l^ , , and 
®- 

Next we show that the scalars in (g6|) are balanced as well. These scalars have 
boost weights 6-1-1, b, b, b—1, respectively. Hence, it sufHces to show that the following 
scalars are all zero: 

b-'-'(bry), l)"'(8r?), l^'-'iVv)- 

The vanishing of the first quantity follows immediately from Definition ||. Using 
the commutator relation (E4h we have 



y''dr] = Ql,-''rj^O , (27) 

as desired. Vanishing of the quantity involving 8' follows by considering the complex- 
conjugate of ( |27| ) and using the relation 8 = 8' and Lemma ^. 

To show that the quantity involving Jj' vanishes, we employ (|l5|), (p3|), and ( p7| ) 
to obtain 

V) = b 7?) + f(l)-' 87?) -f r(l)-'' 8' r/) = l^-^d)' b ry) . 

We now proceed inductively and conclude that 



□ 



Lemma 5 // 771 , 772 are balanced scalars both of type {p, q} then 771 -I- 772 is a balanced 
scalar of type {p, q} as well. 

Proof. The sum 771 -I- 7^2 satisfies 

m+V2^ APA«(77i -H772) , 

and thus it is a balanced scalar of type {p, q}. □ 

Lemma 6 Ifr]i, 772 are balanced scalars then 7^1 7^2 is also balanced. 

Proof. Let 61,62 be the respective boost weights. Boost-weights are additive and 
hence the boost- weight of the product is 61 +62. Setting n = — 61 — 62 and applying 
the Leibniz rule gives 



n 

r(^ir/2)-5](")K(^i)r-'('72 



. 7 . 

1=0 



For —61 < i < n, the factor l>''{rji) vanishes. For < 7 < —1 — 61, we have n — i> —62 
and hence the other factor vanishes. Therefore the entire sum vanishes. □ 
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Definition 7 A balanced spinor is a weighted spinor of type {0, 0} whose components 
are all balanced scalars. 

Lemma 8 If Si, S2 are balanced spinors then S1S2 is also a balanced spinor. 

Proof. The product S1S2 is a weighted spinor of type {0,0} and its components are 
balanced scalars thanks to Lemma ^. □ 

Lemma 9 A covariant derivative of an arbitrary order of a balanced spinor S is again 
a balanced spinor. 

Proof. Applying the covariant derivative (|l^) to a balanced spinor 5, we obtain 

= L^I^ \)S + o^'d'' \,'S- i^o^ 85 - o^r-* 8' S . 

From Table 0, it follows that is again a weighted spinor of type {0,0} and its 

components are balanced scalars due to ( |l3|) and Lemmas ^, and |5[ □ 

Lemma 10 A scalar constructed as a contraction of a balanced spinor is equal to 
zero. 

Proof. A scalar constructed as a contraction of a balanced spinor also has zero boost- 
weight, and therefore vanishes by Definition ||. 

Let us explain more intuitively how this works. A balanced spinor has the form 
X] CiBi where Ct are balanced scalars and Bi are the basis spinors (products of o^s, 
t'^s, o'^s, and t'^s). Since the boost-weight of each Ci is negative and the boost-weight 
of each CiBi is zero it follows that the boost-weight of each Bi is positive, i.e. there are 
more o'*s and o^s then i^s and t'^s in Bi. As a consequence of (^ a full contraction of 
each Bi vanishes. In a nutshell: all scalars constructed as a contraction of a balanced 
spinor vanish because each term contains more o's than i's. 

□ 

We are now ready to prove that the conditions (A) and (B) of Theorem |l| are 
sufficient for vanishing of all curvature invariants. 

Proof. From Table and Eqs (^), d^), (1^), and (H) it follows that the Weyl 
spinor (^ and the Ricci spinor ([lO|) and their complex conjugates (Lemma are 
balanced spinors. Their products and covariant derivatives of arbitrary orders are 
balanced spinors as well (Lemmas ^, ^) . 

Finally, due to Lemma |l^ and Eqs. (^-(^ all curvature invariants constructed 
from the Riemann tensor and its covariant derivatives of arbitrary order vanish. □ 



3. Necessity of the conditions 

In this section we consider a spacetime with vanishing curvature invariants and prove 
that this spacetime satisfies the conditions listed in Theorem |^. The Ricci scalar, 
being a curvature invariant, must vanish. To prove the other conditions, we consider 
various zeroth, first, and second order invariants formed from the Weyl and the Ricci 
spinors, as well as the Newmann-Penrose equations and the Bianchi identities. 
In the following we will employ these Newmann-Penrose equations 

}) p - 6' K = + CTCT - KT - kt' + $00 , . . 

8p- 8'(T = r(/?-p) + k(p' -p') - *i + *oi 
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and the Bianchi identities 

J) ^3 - g' ^2 - t) $21 + 8 $20 - 2 d' A = 2o-'*i - 3r'5'2 + 2p-^3 - 

- 2/9'$io + 2r'<I>ii + f'$20 - 2p$21 + K$22 , 

J) ^'4 - 9' ^'3 + t>' $20 - 9' $21 = 3cr'*2 - 4t'*3 + p*4 

- 2k'$io + 2ct'$ii + p'$20 - 2f$21 + (7$22 , (29) 
b $22 + t>' $11 - 8 $21 - 8' $12 + 3 1)' A = (p + p)$22 + 2(p' + p')$ii 

- (t + 2f')$21 - (2t' + f)$i2 - k'$io - k'$oi + Cr'$02 + ct'$2o , 
Jj' *2 - 8 ^'3 + t> $22 - 8 $21 + 2 1>' A = o-'I'4 - 2r^'3 + 3p'5'2 - 2k'5'i 

+ p$22 - 2f'$21 - 2r'$i2 + 2p'$ii + ct'$20 . 

First, we consider the well-known invariants 

I = ^^J"^ao^, J^^.r^co'^^r ■ (30) 

It is generally known that these invariants vanish if and only if the Petrov type is III, 
N, or 0. In the following we choose the spinor basis and t"* in such a way that for 
the Petrov types III and N, o'^ is the multiple eigenspinor of the Weyl spinor. Thus 
the condition (||) is satisfied. 

We consider the three Petrov types case by case. 

a) Petrov type N: 

vpo = Vj/j vI/2 = ^3 = 0. 
Demanding that the following invariant 

Ji = v/vi,^«^- V/*^,«^, v^-^-^^^" V",*,,^^ = (2vI/4^4A^S)2 (31) 

vanishes we obtain 

K = . (32) 

In further calculations we assume that ( p2[ ) is valid. 
Vanishing of another invariant 



where 



impHes that 



K^'''''mmllK''''''^,^e - (24*4*4)^ (pp- + ^a)4 , (33) 



a = p = (35) 
and therefore the condition (111), i.e. the condition (A) of Theorem 1, holds. 



Substituting (Bg) and (M) into Eqs. (28) we get 



$00 = $01 = $10 - . (36) 
And finally from the vanishing of the invariant 

^abAb ^^^^^ ^ 4^^^2 _^ 2$02$20 + 2$00$22 " 4$io$12 - 4$oi$21 (37) 

using ( ^ it follows 

$11 = $02 = $20 = 

and thus the condition (^, i.e. the condition (B) of Theorem 1, is also satisfied. 
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b) Petrov type III: 

Providing that the Weyl spinor '^ABcn is of Petrov type III, we can construct 
another spinor "^abcd 

'^ABCn = 'i'ABEF '^cd"'^ = -2"^ 3^ O O o (38) 

which is of Petrov type N. Now we can construct analogical curvature invariants 
from "^'abcd as we did from '^abco for type N and again conclude that k — a = 
p = and $00 = $01 = $02 = 'i'li = for metrics with all curvature invariants 
vanishing. 

c) Petrov type 0: 

Recall that the totally symmetric Plebanski spinor is defined by 

XabCO = $(^/"$CO)C£. • (39) 

Its components are 

Xo = 2($oo*02 - *oi^) , 

Xl = $00*12 + $10*02 - 2$ii$oi , 

X2 = K*00$22 - 4$ii2 + $02$20 + 4$io$12 - 2$oi*2l) , (40) 
X3 = $22$10 + $12$20 - 2$ii$21 , 
X4 = 2($22$20 - *21^) • 

In analogy with the Petrov classification of the Weyl tensor, it is possible to define 
the Plebahski-Petrov type (PP-type) of the Plebanski spinor j20|. Thus vanishing 
of curvature invariants analogous to / and J (|3^) constructed from the Plebanski 
spinor implies that the PP-type is III, N, or 0. 

For the PP-types III and N we can argue as we did for the cases of the Petrov types 

III and N and conclude that k — cr — p — and $00 = $01 — $02 — $11 — 0. 

Substituting these results into (40) we obtain xo = Xi — X2 = X3 = and thus 

the PP-type III is excluded. 

It remains to consider the PP-type case. 

Without loss of generality we can choose a null tetrad so that 

$00 = . 
Then xo = in (|o|) impHes 

$01 $10 = . 
Hence, the vanishing of the invariant gives 

$11 = $02 = $20 = . 
Demanding X4 = in ( po| ) we get 

$12 $21 = . 

Thus the only non- vanishing component of the Ricci spinor is $22 ■ The Bianchi 
identities (g9|) take the form 

K$22 = , CT$22 = , b $22 = (P + p)$22 , t" $22 = P$22 • 

which implies 
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Up to now we have proven that spacetimes with vanishing invariants constructed 
from the Weyl and the Ricci spinors and their arbitrary derivatives satisfy 
the conditions (A) and (B) of Theorem 1. Invariants constructed from the Riemann 
tensor and its derivatives are combinations of corresponding spinorial invariants. Thus 
one could argue that there might exist a very special class of spacetimes for which 
all tensorial invariants vanish even though there exist nonzero spinorial invariants. 
To prove that this does not happen we now construct several tensorial curvature 
invariants. They may also be useful for computer-aided classification of spacetimes. 

The curvature invariants shown in (|3^) can be given as 

'-'aP ^-fS ~ a/3 ^-fS ' 

^ -yS^ e(j>^ af} jS ^* q/3 

'-"q/S "-^75 ^s4> ~ ^^a/3 7^ ^e4> ' 



where 



n* — j.r"^'^ 



denotes the dual of the Weyl tensor. Their vanishing implies that the Petrov type is 
III, N, or O. 

a) Petrov type N: 

From the vanishing of 

h = C"^^^'^C„/3KA;7C''"""'^C'p,fc;r - 8X1 = 2(4'J'4*4'^S)2 (41) 

re = follows. 

To obtain cr = p = we have to construct the tensorial invariants I2, I3, li- 

h = C"''t*'^'^C„^^,;,^C^^'"''^^Ca/3p5;.. = 4X2 + + 4(X4 + ii) , (42) 
where 

I,^K^^''%^^^ = 6(4pa^,r , (43) 

= 18(4pcr^'4)'' , (44) 
and thus I2 is equal to 

/2 = 2^32 [{^i^if{pp + aaf + 8(ppcrCT*4*4)^ + 8(pcr*4)* + 8(^^*4)^^] ■ 

J3 is defined by 

h = C"^^^;^*C„0^5;A^C''^"'^'^^Cp„..;s0 = 16(2X2+2-5+15) , (45) 

where 

T- TOFFEE T^MMLL ol0q2/ ^.j, \A 1 

^'o=K MMLL^ FFEE = ^ 3 (pa^'i) , (46) 

and so it takes the form 

h = 2^3^ [(*4*4)2(pp + aa)^ + 8{p(T^i)^ + 8(^^*4)"*] . 
The curvature invariant I4 is a linear combination of I2 and I3 

/4 = 8/2 - /3 = 2"32(ppcro-^'4*4)^ ■ 
Demanding /4 = we obtain 

per = 

and then the vanishing of I3 implies 
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As in the spinorial case, the Newmann-Penrose equations (28) imply <i>oo ~ 
$01 = 0, and finally the invariant constructed from the traceless Ricci tensor 
corresponding to 

is zero if <i>ii = $02 = ^'20 = 0. Thus the conditions (A) and (B) of Theorem 1 
are satisfied. 

b) Petrov type III: 

In analogy to ( p8| ) , the tensor Dafj-yS can be defined in terms of the Petrov type-Ill 
Weyl tensor 

which is traceless, has the same symmetries as the Weyl tensor and is of the Petrov 
type N 

We can construct curvature invariants from D'^^'^^ similar to those made from 
(jaf3jS £qj. ^ypg ]sj aufi again show that their vanishing leads toK = a = p = 
and $00 = *oi = $02 = *ii 0. 

c) Petrov type 0: 

It is possible to define the traceless Plebahski tensor corresponding to (39) which 
is endowed with the same symmetries as the Weyl tensor in terms of traceless 
Ricci tensor Sa[3 (see [ pT[ ) 

With the Plebahski tensor we can proceed in the same way as in the spinorial 
case. 



3.1. Alternative Proof 

Another way to prove necessity of the conditions ( p])- (|4|) for the vanishing of all 
curvature invariants is to use the result from paper that the invariants /g, I7, 
and Is constructed from the Ricci spinor are equal to zero only if all four eigenvalues 
of the Ricci tensor are equal to zero. Consequently the Segre types of the Ricci tensor 
are {(31)} (i.e. PP-type N with the only non-vanishing components ^-^d '^'22 iP^ ); 
{(211)} (i.e. PP-type with the only non-vanishing component ^22), or {(1111)} (i.e. 
vacuum). In non- vacuum cases, the multiple null eigenvector I' of the Ricci tensor 
may in general differ from the repeated null vector of the Weyl tensor /; however, by 
demanding vanishing of the mixed invariants mi, 7714, me constructed from both 
the Weyl and the Ricci tensors we arrive at the condition V = I. Then the Bianchi 
identities for non-vanishing ^'3, 4*4, $12, and <i>22 imply k = 0. And finally the 
vanishing of the invariant (|3^ ) for P-types III and N results in p = cr = 0. 



4. Local description of the spacetimes with vanishing curvature invariants 

Let us describe the metric, written in an adapted coordinate form, of all of 
the spacetimes with vanishing curvature invariants (i.e. those satisfying Theorem |l|). 
We recall that spacetimes with vanishing curvature invariants satisfy (|l|) (i.e., belong 
to the Kundt class ||, |, |||), are of the Petrov type III, N, or O (i.e., the Weyl 



All spacetimes with vanishing curvature invariants 



12 



spinor "^abcd is of the form (^), and the Ricci spinor ^abcid has the form ( [Tc| ) that 
corresponds to the Ricci tensor 

Ra,3 = -2<^>22lJl3 + 4$21^(a"^/3) + 4$12/(am/3) • (47) 

Consequently, the Plebariski spinor ( ^9|) has the form 

Xabcd = -1^-21 OaObOcOd (48) 

and the Plebahski-Petrov type (PP-type) is N for $12 7^ or for $12 = 0. We note 
that for PP-type N, using a null rotation about P we can transform away the Ricci 
component $22 and using further a boost in the P — plane and a spatial rotation 
in the m" — m" plane set $12 — <&2i — 1- For PP-type O it is possible to set $22 = 1 
by performing a boost in the 1°" — plane. 

The Ricci tensor has all four eigenvalues equal to zero and its Segre type 
is {(31)} ($12 ^ 0), {(211)} ($12 = and $22 + 0), or {(1111)} (for vacuum 
$12 = *&22 — 0). The most physically interesting non-vacuum case {(211)} corresponds 
to a pure null radiation field 1^. It can be shown that an electromagnetic field 
compatible with ji^ ) has to be null. Other energy-momentum tensors, including a fluid 
with anisotropic pressure and heat flux, can correspond to a Ricci tensor of PP-type 
0. Indeed, it is known that no energy- momentum tensor for a spacetime corresponding 
to a Ricci tensor of Segre type {31} (or its degeneracies) can satisfy the weak energy 
conditions (see ||^, p 72), and hence spacetimes of PP-type N are not regarded as 
physical in classical general relativity and hence usually attention is restricted to PP- 
type models. However, for mathematical completeness we will discuss all of the 
models here. In addition, in view of possible applications in high energy physics 
in which the energy conditions are not necessarily satisfied, these models may have 
physical applications. 

The most general form of the Kundt metric in adapted coordinates u, w, C |^ is 

ds^ = 2Au{HAu + dw + WAC, + WAI\ - 2P"2dCdC , (49) 
where the metric functions 



satisfy the Einstein equations (see |l8| and [Appendix A[ ) . For the spacetimes considered 



here, we may, without loss of generality, put P = 1. The following Tables summarize 
the Kundt metrics for different subcases in the studied class. 

It is of interest to find the conditions for which the repeated null eigenvector P 
of the Weyl tensor is recurrent for the Kundt class. The vector P satisfies 

rL^o, r-ffi^^o, r-a^o, ^(a;/?)/"''' = o, iiaMr'^'^o 

and its covariant derivative has in general the form 

la;f3 = (7 + l)lalf3 + {P' " P)laTnp + {(3' - P)lafhf3 - fuijp - TTflJjj. 

Performing a boost in the P — plane 

with A satisfying 

A,a = A{f3 - (3' + f)ma + A{f3 - (3' + T)fha , 

i.e. putting (3' — (3 — (3' — f3 — S'A/A = f, f = r (see e.g. for transformation 
properties of NP quantities) we obtain 

ia-p = (7 + l)'iJ(3 + r{lamf3 - IprUa) + T{lafhp - Ipfha) (50) 
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P-type 



metric functions 



III 



W = Woiu,CX) 
H ^vhi{uX,0 + ho{u,CX) 
Eqs. (|A.16|), dA 171) 



(IA.18D 



N 



O 



Eqs. (IA.16D, JA.ITD 
= ^4^ (|A.l^), (|A.ig| ) 



Eqs. (A.16), (A.17) 



^0 



III 



N 



H 



ic+cr 



c+c 

i;/ii(u,C,C) 



Eqs. (IZTel), (IaTtI) 



^3 ^ (A. 18) 



Eqs. (A.16), (A.17) 



O 



^3 = ^4 ^ (|A.l^), ([Ali; 
Eqs. (|A.16D, dA.lTl) 



Table 2. All spacetimes with vanishing invariants wi th <t>n ^ D a nH 'I>22 7^ 0, 
i.e. PP-N, are displayed. For details and references see Appendix A, 



P-type 



metric functions 



= 



III 



W^Woiu,0 
^22 ^ ho,^^-^{WoWo,^c+Wo,^^+Wo,c'') 



N 



W = 
H = ho{uXX) 
^22 = ^o ,t:c 



H = ft.02(w)CC + ^oi('")C + ^oi('«)C + hoo{u) 

^22 = ho2{u) 



o 



^0 



III 



H 



+ v 



Wq + Wq 



(c+cr ' " c+c 

$22 ^ (C + C) ( ) ,CC -^0< ^0<- 



N 



W ■ 



H = 



(C+C) 

$22 = (C + C)f7^ 



-'2v 

c+c 



CTC^'CC 







H 



W ■ 



ic+cy 



+ hooiu)[l + /loiHC + hoi{u)C + /io2NCC](C + C) 
$22 = hoo{u)ho2{u){C + 



Table 3. All spacetimes with vanishing invariants with <I'i2 = and^aa-^-Q, 
i.e . PP-O, null radiation, are displayed. For details and references see '\-ppendix 
A, 



All spacetimes with vanishing curvature invariants 



14 



T 


P-type 


metric functions 


= 


III 


W = Wo{u,0 
ho,cc = 'R{WoWo,cc +Wo,uC +Wo,c^) 




N 

pp-waves 


W = 
H = /ioo(u, C) + /ioo(w, C) 




III 


W = ^^+Wo{uX) 

(c + c) ,cc = ^o,c 




N 


w = 

c+c 

i/ = + [;ioo(", C) + ^oo(w, C)](C + C) 



Table 4. All spacetimes with vanishing invariants with <I >n = c&ot = 0, i.e. 
PP-O, vacuum, are displayed. For details and references see Appendix A. 



with satisfying 

^igafi = la;p + lf3-a = 2(7 + ■ (51) 

This normahzation is called "an almost Killing normalization" in . As t cannot be 
transformed away by any transformation of the tetrad preserving the Z-direction and 
one can even show that rf is invariant with respect to all tetrad transformations 
preserving the Z-direction, the repeated null eigenvector 1°' of the Weyl tensor is 
proportional to a recurrent vector 1°' if and only if r = 0. To summarize: all Kundt 
spacetimes with t — admit a recurrent null vector. 

Finally, let us present the relation between quantities L and L' given in and 
NP-quantities when Z" satisfies ( |5l] ) 

L = 7 + 7, L'^DL^-2Tf. 

5. Discussion 

The pp-wave spacetimes have a number of important physical applications, many 
of which also apply to the other spacetimes obtained in this paper. As mentioned 
earlier, pp-wave spacetimes are exact vacuum solutions to string theory to all order 
in a', the scale set by the string tension [0. Horowitz and Steif ||l^ generaHzed 
this result to include the dilaton field and antisymmetric tensor fields which are also 
massless fields of string theory using a more geometrical approach. They showed that 
pp-wave metrics satisfy all other field equations that are symmetric rank two tensors 
covariantly constructed from curvature invariants and polynomials in the curvature 
and their covariant derivatives, and since the curvature is null all higher order 
corrections to Einstein's equation constructed from higher powers of the Riemann 
tensor automatically vanish. Therefore, all higher-order terms in the string equations 
of motion are automatically zero. Many of the spacetimes obtained here will have 
similar properties. 

In addition, solutions of classical field equations for which the counter terms 
required to regularize quantum fluctuations vanish are of particular importance 
because they offer insights into the behaviour of the full quantum theory. 
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The coefficients of quantum corrections to Ricci flat solutions of Einstein's theory of 
gravity in four dimensions have been calculated up to two loops. In particular, a class 
of Ricci flat (vacuum) Lorentzian 4-metrics, which includes the pp-wave spacetimes 
and some special Petrov type III or N spacetimes, have vanishing counter terms up to 
and including two loops. Thus these Lorentzian metrics suffer no quantum corrections 
to all loop orders |jl^ . In view of the vanishing of all quantum corrections it is possible 
that all of the metrics summarized in Tables 2-4 are of physical import and merit 
further investigation. 

String theory in pp-wave backgrounds has been studied by many authors 

[2^ , partly in a search for a connection between quantum gravity and gauge 
theory dynamics. Such string backgrounds are technically tractable and have direct 
appHcations to the four dimensional conformal theories from the point of view of a 
duality between string and gauge theories. Indeed, pp-waves provide exact solutions 
of string theory |[l^ , [l7| and type-IIB superstrings in this background were shown to 
be exactly solvable even in of the presence of the RR five-form field strength |Q . As a 
result the spectrum of the theory can be explicitly obtained. This model is expected to 
provide some hints for the study of superstrings on more general backgrounds. There is 
also an interesting connection between pp-wave backgrounds and gauge field theories. 
It is known that any solution of Einstein gravity admits plane-wave backgrounds in 
the Penrose limit |^. This was extended to solutions of supergravities in ||3^. It was 
shown that the super-pp-wave background can be derived by the Penrose limit from 
the AdSp X S'' backgrounds in iQ . The Penrose limit was recognized to be important 
in an exploration of the AdS / CFT correspondence beyond massless string modes in 

|33[ . Maximally supersymmetric pp-wave backgrounds of supergravity theories in 
eleven- and ten-dimensions have attracted great interests 

Recently the idea that our universe is embedded in a higher dimensional world 
has received a great deal of renewed attention . Due to the importance of branes in 
understanding the non-perturbative dynamics of string theories, a number of classical 
solutions of branes in the background of a pp-wave have been studied; in particular 
a new brane-world model has been introduced in which the bulk solution consists of 
outgoing plane waves (only), which avoids the problem that the evolution requires 
initial data specified in the bulk p6| . 

Finally, in jl^ an example of non-isometric spacetimes with non-vanishing 
curvature scalars which cannot be distinguished by curvature invariants was presented. 
This example represents a solution of Einstein's equation with a negative cosmological 
term and a minimally coupled massless scalar field. In this paper we have noted 
the existence of a class of spacetimes in which all of the curvature invariants are 
constants (depending on the cosmological constant). These results and their extensions 
to higher dimensions are consequently also of physical interest. 
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Appendix A. The Kundt metrics with all curvature invariants vanishing 



Let us present here more details on the spacetimes with all curvature invariants 
vanishing, which were briefly summarized in Section B. Appendix A.l, Appendix 
' and Appendix A. 3 correspond to Tables ^, and|4, respectively. 



Since all of the spacetimes satisfying condition (A) of Theorem 1 (i.e., that satisfy 
(P), belong to the Kundt class we start with the metric given by ( ^ ) in coordinates 
■"i ^7 C; C Uli where the null tetrad is given by 



l^dy , n = du-{H + P^WW)dy + P^{WdQ + Wd^) 



= Pd, 



(A.l) 



Only certain coordinate transformations and tetrad rotations can be performed which 
preserve the form of the metric ( ^ and the null tetrad ( |A.l] ) (see 



(I) C' =/(C,w), (A.2) 



uu 



H' = H- (^m^ + Wf,u /,c +Wf,u f,i 

(II) v' =v + g{CX,u), (A.3) 
P' =P , W' = W-g,c , H' = H-g,u ; 

(III) u' = hiu) , v' = v/h,u , (A.4) 

In particular, in these coordinates it is not possible, in general, to simultaneously 
simplify the forms of the Ricci spinor components in ( p7| ) in PP-types N and O by 
boosts and null and spatial rotations. 

In most cases it is possible to specialize the solution form by an appropriate choice 
of coordinates, thereby narrowing the range of allowed coordinate transformations. 
The remaining coordinate freedom will be described below on a case by case basis. 

Appendix A.l. Plebanski-Petrov type N, i.e. $12 ^ and $22 7^ 
• Petrov type III 

The functions H, W, and P have to satisfy equations which follow from the fact 
that we assume the Petrov types III, N, or O (^'o = ^'i = ^'2 = 0) and have 
the Ricci tensor of the form ( ^ . 
For the Kundt class, ^'o vanishes identically and 

= iPi?,c = -iPW,,v = 

and thus 

W,,, = . (A.5) 
Then ^'2 = = *2 and i? = reduce to 

*2 = ~m,vv +2(P,c P,c -~PP,cc ) + P^i^W^vC -^^vc )] = , (A.6) 

W,,^^W,,C . (A.7) 

2W,,^ = W,^ W,^ (A.8) 
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(A.9) 



The Gaussian curvature, K = 2P'^{\ii P),^^ = A(lnP), of wave surfaces 
determined uniquely by the spacetime geometry is a spacetime invariant and 
since it vanishes for the studied class of spacetimes they are characterized by 

plane wave surfaces 1^. 

From (A.9), using a type I coordinate transformation (A. 2) we can put 

P=l . (A.IO) 
This restricts the type I transformations to 

C' = e^''"^C + /H . (A.ll) 
Then, equations ( |A.5| ), ( [A.7| ), and (A^), together with 

^CC = +iW,,^ = , (A.12) 

after another type I coordinate transformation ( A.ll ), give without loss of 
generality |§ 



Wiu,v,CX) 



-2v 



c + c 



n + Wo{u,CX) 



(A.13) 



with n = Oorl. Ifn=l, the wave surfaces are polarized, and consequently type 
I transformations are further restricted to 

C' = C + /("), / + / = o. 



Finally, Eqs. ( |A.6D and 

RUV ^ -H,^y-^W,yW,y=0 

are identical and have the solution |B| 



(A.14) 



iC + 0'- 



;n + vhi{u, C, C) + ho{u, C, C) ■ (A.15) 



Employing (|A.5|)-(|A.q), (|A.10|) , ( |A.12D , and (|A.14|) , the remaining Einstein 
equations are 

Run = 2{WH,,c +WH,^^ ) - 2H,^^ {W,-^ +W,c ) - [H,^ W +H,^ W,, ) 
-HW,^ W,^ -{WW,uv +WW,uv ) + W„,^ +W,uc -M^,c W,c 
+ (W,„ -WW,, )i-w,c +w,^ ) + i(Ty,f2 + w/ + w^wj + W^W,,^) 
= _2[$22-2(W^$2i + 1^*12)] (A.16) 

Ruc = -H,,^ +iiW,uv -W,^^+W,cc +w,, W,^ -W,, W,c ) - kW,y (WW,, 

= -2$i2 . (A. 17) 

The NP quantities read 

p =(j = K = e~0, 



T = -r' = 2/3 = -2/3' = - 



1 



C + C 



n , 



2v 



(c + cy 

2v 



P = 



(c + cy 



;n-Wo,Q , 

;n-^{Wo,-c+Wo,c) 
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ic + cr 



/iijf +2^7 ^z^n — 2 f ^ — -n 



n + i/ii 



' " (c + cy 

Wo + Wo 



C + C 



c + c 



/»o,c-(W^oW^o),c , 



*3 = -2/ii,^-+Wo,(;f -Wo,ff +2 ^ ^-^n-2^T —n 



C + C 



(C + CF 



(A.18) 



^'CC ' /-_!_/- ('/■ _L /■^2 



C + C (C + C) 

+ hiWo,^ -/io,cc +W^o,„c +W^o(W"o,cc "^"0,^^ ) 

^/io,c+W^o(VKo,f-VKo,c) ^/lo + W^oW^o 
+ 2 ^ —n — 2 — =-- — n . 

C + C ic + cy 

The remaining coordinate freedom for the case n = 1 is 



(A.19) 



(I) 


c 


= C + f{u) 


, / + / = 0, Wo' = Wo-f,u 


(A.20) 




ha' 


— ho — f,u 


f,u+{Wo~Wo)f,u , hi'^h, ; 




(11) 


v' 


+ 9 , 


Wo' = Wo-g,c+2g/{C + C) , 






ho' 


= ho — g,u 


-ghi-gViC + Cf . hi'^h,+ 


2.9/(C + CT ; 


(III) 


1 

u 


h{u) , 


v' = vlh,u , 






Wo' 


= Wo/h,u 


, ho — ho/h,u^ , hi' — hi/h,u 





One could, without loss of generality, take hi — 0. 
The remaining coordinate freedom for the n = case is 

(I) C' =e''^^\ + f{u) , (A.21) 
Wo' = e-*'Wo + /,„ -ie-''>e,u C , hi' ^ hi , 

ho ^ho- f,u f,u -^e''e,n f,u C + *e-^^0,„ /,„ C - ^,«'CC 
- Wo{e-'^f,u +iO,u C) - Wo{e''f,u -iO,u C) ; 

(II) v' =v + g , 

Wo ^Wo~ .9,c , ho = ho- g,u -ghi , hi' = hi ; 

(III) u' — h{u) , v' = V /h,u , 

Wo = Wo//i,„ , ho = ho/h,J , /ii' = /ii//i,„ +ft.,„n //i,u^ • 
One could therefore without loss of generality take ho — Q. 

In general, we cannot make any further progress unless we identify a specific 
source, e.g., null radiation or null electromagnetic field, which then yields 
additional field equations through Eqs. ( A.16|) and ( A.17| ) (and, for example, 
the Maxwell equations). 

• Petrov type N 

In this case ^'3 = and Eq. ( A.18 ) constitutes an additional differential 
equation that must be satisfied. This equation can be integrated to obtain a 
more specialized form of the metric. 

• Petrov type O 

In this case \I>3 = \I>4 = 0, i.e. right hand sides of Eqs. ( A.18 ), ( |A.19 ) must 
vanish. These equations can be integrated to obtain a fully specified form of the 
metric. 
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Appendix A. 2. Plebanski-Petrov type 0, $12 = and $22 7^ - pure radiation 



Conformally Ricci-flat pure radiation metrics, studied in [|l6|, all belong to this class. 
In fact, in ||l^ the authors present all pure radiation solutions belonging to Kundt's 
class of Petrov types N and for t ^ and of Petrov types III, N, and for t — 0. 
For pure radiation, one of the remaining Einstein equations simply serve to define 
the radiation energy-densit y. For speci fic so urces, such as a null electromagnetic field, 
these equations (e.g., Eqs. ( A. 16 ) and ( A. 17 )) lead to additional differential equations. 
In the case of vacuum, all solutions can be explicitly written down (see the next 
subsection). 

Appendix A. 2.1. n^O (t ^ 0) 
• Petrov type III 



For n = the Einstein equation R^^ = ( |A.17| ) becomes 

[hi + i{Wo,^-Wo,c)U = . 

Using a type II transformation ( |A.3| ), (A. 21) (see |^ for a discussion) and (A. 13), 
(A. 15), its solution turns out to be 

W = WoiuX) , 



H = iviWo,^+Wo,c) + hoiuX,0 



(A.22) 



The metric functions are subject to the only remaining Einstein equation ( A.16 ) 



$22 = /io,cc -3ft(W^oW^o,cc +Wo,^c +W^o,c') • (A.23) 
The NP quantities take the form 

p = a = K^e^T = (7' = T' = (3^l3'^Q, 

p' = -i(l^o,c+^o,c ) , «' = -ivWo,(;^~ho,^-WoWo,^ , 7 = iWo,f , (A.24) 



-2W, 



*4 



This choice of metric form restricts the type I, II, and III transformations ( |A.2l[) 
to four following cases 

C = C + f{u) ; 

v' = V + gi{u) C + 9i{u)C + go{u) ; 

u' = aiu + ttQ , v' = v/ai ; 

u=h{u), v' ^ v/h,u~{h,uu lh,u^)CC, , 
where /, gi, g^, and h are arbitrary functions of u and ai, aq are real constants. 
Petrov type N 

For ty pe-N spacetimes (^3 = Wq, ^j= 0), Wq can be transformed away 



( |A.2lD ||8| and thus the metric functions ( |A.22| ) are 

1^ = 0, H^hoiuXX) 



and the NP quantities ( A.24 ) read 

p = a = K = £ = T = (j' = T'=(3 = j3'=p' = ^ = {), 

The only remaining Einstein equation ( A.23| ) now becomes 

'1'22 = h,QiQC, ■ 



(A.25) 
(A.26) 
(A.27) 
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The remaining coordinate freedom comes from a mixed type I and II 
transformation: 



C -e''(C + /H), v' = v + f,uC + f,uC + 9{u) 



(A.28) 



where is a real constant, and u is determined up to a afEne transformation. 
These spacetimes are known as generalized pp-wave solutions. In the case of a 
null electromagnetic field, energy momentum tensor, Eq. (A. 27) and Maxwell's 
equations lead to a further differential equation for /iq, whose solution is known 



• Petrov type O 

All metrics belonging to this class are given in jl^ (see (12) therein). 
The condition ^'4 = from ( A.2(j ) is Hq^qq— with the solution 

ho = /io2(w)CC (A.29) 



after a transformation ( |A.28D . The metric functions are thus given by ( |A.25D with 

( A.2g ) and the Einstein equation ( A. 27 ) becomes $22 — /io2- 

The coordinates are fixed up to an 8-parameter group of transformations: 

C'=e^''(C + /(^)), 

v' = v/ai + f,uC + f,u C + 5 (//)>" +50 , 
u' — aiu + ao , 

where f{u) is a complex- valued solution of 

fyau +fho2 — 0, 

and 9, ai, ao, go are real constants. 



Appendix A. 2. 2. ti 1, r ^ 
• Petrov type III 



For n = 1, the Einstein equation Ruc^ = (A. 17) is 

Wo + Wo 



/ii + i(W^o,c-W^o,c) 



c + c 



Wo,c+Wo. 



c 



c + c 



Again using a type II transformations ( |A.2ClD (as in |^), we obtain the solution 
( |A.13D , ( |A.15D 

W=-^ + Wo{uX) , 

_,,2 w_ , w_ (A.30) 

H 



(C + C)^ 



Wq + Wq - 
V — ■ = h ho{u,C,X) ■ 



C + C 



The remaining Einstein equation ( |A.16[ ) then reads 



$22 = (C + C)(^^^^^^)<C-^o,cH^o,c 



(A.31) 
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c + c 



2v 



2v 



K 

7 = 

*3 = 



6v^ [Wo + Wo Wo,^ 



ic + cr 



3v 



ic + cr c+c 

IWo + Wo 



(C + C)' 2 c + c 

c + c ' 



(A.32) 



2/io,^- +Wo,^- (Wo - Wq) ^ ho + WqWq 



C + C (C + C)2J ■ C + C 

- /io,cc +Wo,„f . 
The remaining coordinate freedom is 

C=C + f{u), / + / = 0; 

v' ^v+{C + C)giu) ; 

u' — aiu + ao , v' — v/ai ; 

u = /i(u), -y = {( + () 

11', u 'in-ju 



ic + cy 



(A.33) 



• Petrov type N 

All type-N pure radiation metrics were found in ||l6| . 

For ty pe-N sp acetim es (5*3 = — > Wo,^= 0), Wp can be transformed away again 
using ( A. 21 ), ( A.33 ), and the metric functions ( A.30| ) take the form 



W : 



~2v 
C + C 



H 



ic + cy 



+ ^o(w,C,C) 



ho 



with ho satisfying ( A.31 ) 

'5'22-(C + C),^^^ 

The NP quantities are as follows 



'CC 



(A.34) 
(A.35) 



p = a = K = e = , T = -t' = 2(3= -2(3' 
2v , 



C + C 



a =p = 



(C + CP ' {C + CY 

ho 



ho,c, , 7 



Si) 



(C + C)' 



(A.36) 



'CC 



The remaining coordinate freedom is given by 

C' = C + i/o , u' = h{u), V = 
^2 



iC + CY 



2/i,„' 



, I _ ho I (C + C) / 2 , r,, 7 \ 

where fo is a real constant, and h = h{u) is an arbitrary real function. 



(A.37) 
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• Petrov type O 

All conformally flat pure radiation metrics (both with t = and t ^ 0), 
generalizing the solutions found in |^ and 0, were given in The physical 
interpretation of this class of spacetimes is discussed in | [3^ . 
The equation *4 = in ( |A.3^ ) has the solution (see (16) in [|5|) 

ho = hooiu)[l + hoiiu)C + hoi{u)C + ho2iu)a]{C + () (A.38) 



which is to be substitut ed in to the metric functions ( A.34 ). 
The Einstein equation ( A.35|) turns to be 

$22 = iC + C)hooiu)ho2iu) . 

The only coordinate freedom is a translation of ( by an imaginary constant and 
u is determined up to a afHne transformation. 

Einstein-Maxwell null fields, massless scalar fields and neutrino fields do not exist 
for this class of metrics |jl^ . 



Appendix A. 3. The vacuum case, i.e. $12 — $22 = 

The vacuum Petrov types-Ill, N, and O Kundt metrics are reviewed in 1^ (Chap. 
27.5). The fo rm of the metric, and the remaining coordinate freedom are as in 



Appendix A. 2, with the vacuum condition imposing an additional constraint on the 



metric parameters. 



Appendix A. 3.1. n — Q, t — Q 
• Petrov type III 

For vacu um P etrov type-I ll spacetimes, the metric and the NP quantities are 
given by ( A.22| ) and ( A. 24 ), respectively, where ho satisfies the Einstein equation 

(En 



= 



(A.39) 



Petrov [R9| found an example belonging to this class (in different coordinates) 



• Petrov type N - pp wa ves 



2dudi;-he^(dx^ -he-^"dz^) 



(A.40) 



The metric functions ( |A.25D an d the NP quantities ( |A.26D of vacuum Petrov 
type-N spacetimes satisfy ( A. 27 ) 



ho,c_c^ — , 



ho = hoo{u,C) + hooiu,C) 



(A.41) 



These spacetimes belong to the class of pp-wave spacetimes (see Chap. 21.5 in 
[||) which admit a covariantly constant null vector that is consequently also a 
null Killing vector. 

• Petrov type - flat spacetime 



For flat spacetime, Eq. ( [A.4lD reduces the solution ( |A.29| ) to ho — 0, a flat metric. 



Appendix A. 3. 2. 71 = 1, r 7^ 
• Petrov type III 

For Petrov type-I ll vac uum spacetimes with non-vanishing t, the remaining 
Einstein equation ( A. 31 ) turns out to be 



+ ^) I J 'CC = ^o,c ^o,c 



(A.42) 
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Its solution determines the metric ( A.30D and the NP quantities ( A. 32 ). 

An example from this class, which was originally found by Kundt with 

Wo — Wo — Tp/iC + C) satisfying V'lCC ~ known (see [||). 

Petrov type N 



For Petrov type-N vacuum spacetimes, the Einstein equation (A.42) simplifies to 

ho 







with the solution 

ho = [hooiu, + hooiu, C)](C + • (A.43) 

The metric and NP quantities are then given by ( |a34| ) and ( [a3^ ) with ( [O^ ). 

• Petrov type O - fiat spacetime 

For the flat spacetime the condition 5*4 = in ( A. 36] ), i.e. 



0, 



has the solution 



ho = hoo{u)[l + hoiiu)C + hoi{u)C]iC + C) 
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